We theoretically investigate the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state by using the microscopic quasi-classical Eilenberger equation. The Pauli paramagnetic effects and the orbital depairing effects due to vortices are treated in an equal footing for three dimensional spherical Fermi surface model and s-wave pairing. The field evolution of the LO state is studied in detail, such as the H-T phase diagram, spatial structures of the order parameter, the paramagnetic moment, and the internal filed. Field-dependences of various thermodynamic quantities: the paramagnetic moment, entropy, and the zero-energy density of states are calculated. Those quantities are shown to start quickly growing upon entering the LO state. We also evaluate the wave length of the LO modulation, the flux line lattice form factors for small angle neutron scattering, and the NMR spectra to facilitate the identification of the LO state. Two cases of strong and intermediate Pauli paramagnetic effect are studied comparatively. The possibility of the LO phase in Sr 2 RuO 4 , CeCoIn 5 , CeCu 2 Si 2 , and the organic superconductors is critically examined and crucial experiments to identify it are proposed.
I. INTRODUCTION
Fulde and Ferrell (FF) 1 , and Larkin and Ovchinnikov (LO) 2 in 1964 proposed a theoretical possibility of spatially modulated superconducting state 3 under Zeeman effect. Since then, there have been a lot of works focusing on the realization of the FFLO state both theoretically and experimentally. Yet there is no well-accepted material forz the FFLO state.
In the FFLO state, the superconducting order parameter in the singlet pairing, such as s-wave or d-wave pairing, exhibits a spatial modulation 3 . Under the population imbalance of up and down spin species of Cooper pairs, it is expected that FFLO is most possible state to emerge 4, 5 . The population imbalance is brought about either by its preparation in cold neutral atom gases [6] [7] [8] or by application of an external field in charged particle case through the Pauli paramagnetic effect.
A part of the reasons of difficulties to realize the FFLO in a superconductor may come from lack of theoretical investigations which fully take into account both Pauli paramagnetic effect and flux line effect on an equal footing. The simultaneous consideration of the two depairing effects; paramagnetic depairing in the former and the orbital depairing in the latter is a difficult task because the two kinds of spatial modulations, one is due to the FFLO and the other is flux line lattice, must be handled simultaneously. It is often the cases 9-13 only to consider the Pauli paramagnetic effect by neglecting the latter effect, including the original works by Fulde and Ferrell 1 , and Larkin and Ovchinnikov 2 . In those studies s-wave 9,10 and d-wave [11] [12] [13] pairing cases are treated. The attempts to simultaneously consider the two effects are limited to the so-called Ginzburg-Landau (GL) region near H c2 [14] [15] [16] . Thus we need more extensive studies which cover the whole region of T and H. This is one of our main purposes of the present paper.
The Larkin-Ovchinnikov (LO) state with periodically modulated amplitude of the order parameter is far more difficult to describe due to the so-called solitonic spatial variation with infinitely many higher harmonics of the Fourier component of the order parameter in general. This is handled exactly and analytically 10 only in the absence of the orbital depairing. The LO state is so computationally demanding, but it is stabler than the Fulde-Ferrell (FF) state where only the phase is modulated in the order parameter 10 . Thus we consider the LO state in this paper. There are two possible modulation directions with respect to the applied magnetic field: longitudinal and transverse. In this paper, we consider the longitudinal LO state which is expected to be stabler than the transverse LO state physically.
Thus the main purpose of this paper is to provide fundamental theoretical information on the physical properties of the LO states. In particular, we study how the field evolutions of various observables are, including thermodynamic quantities, such as the entropy, the zero energy density of states (DOS) measured by low temperature specific heat experiment, and magnetization changes. We also calculate the flux line lattice (FLL) form factors measured by small angle neutron scattering (SANS), and the nuclear magnetic resonance (NMR) spectrum in the LO state.
For that purpose, to obtain the magnetic field H-dependence of the LO states by advancing our previous study 17 Our basic strategy is to study the canonical field-dependent properties of the LO states for spherical Fermi surface model and s-wave pairing. The corresponding 3D calculation for the FF state 9 and full selfconsistent analytic theory for quasi-1D case 10 have been performed before without vortices. Here we extend their calculations to take account of vortex effects. 
II. FORMULATION FOR EILENBERGER THEORY
We calculate the 3D spatial structure of the vortex lattice state by quasiclassical Eilenberger theory in the clean limit [35] [36] [37] [38] 
k is the relative momentum of the Cooper pair, and r is the center-of-mass coordinate of the pair. v is the Fermi velocity and v F0 = v 2 1/2 k where · · · k indicates the Fermi surface average. Isotropic spherical Fermi surface is considered in this study. We assume that a magnetic field is applied to the z-axis. The Eilenberger units R 0 for lengths and B 0 for magnetic fields are used 17, 39 . The order parameter ∆ and the Matsubara frequency ω n are normalized in units of πk B T c .
As for selfconsistent conditions, the order parameter is calculated by
n . We use ω cut = 20k B T c . B = ∇ × A with the vector potential A = 1 2B × r + a andB = (0, 0,B).B is the averaged flux density of the internal field, and ∇ × a r = 0. The spatial variation of the internal field ∇ × a is selfconsistently determined by
where we consider both the diamagnetic contribution of supercurrent in the last term and the contribution of the paramagnetic moment M para (r) = (0, 0, M para (r)) with
The normal state paramagnetic moment
the DOS at the Fermi energy in the normal state. We set the GL parameter κ = 102. Using the spatial averaged value M para = M para (r) r , the normalized paramagnetic susceptibility is given by
In Eilenberger theory, the Gibbs free energy is given by 40
· · · r indicates the spatial average within a unit cell of the vortex lattice. The entropy in the superconducting state, given by S s (T ) = S n (T ) − ∂F/∂T , is obtained as 40
where S n is the entropy in the normal state.
We obtain the relation ofB and the external field H as
from Doria-Gubernatis-Rainer scaling 41, 42 . In the parameters used in our calculation, We also notice here that as seen from Figs at T /T c =0.1. To obtain wider LO region, we have to consider the contribution of realistic
Fermi surface shape such as quasi 2D shape 17 for better nesting condition, or multi-band effect 43, 44 .
Those phase diagrams are different from those for the Zeeman depairing without the orbital depairing 10 and also for the neutral Fermi superfluids with spin imbalance 5 . In the former case H c2 of the LO phase shifts to much higher fields while much wider LO phase is obtained in the latter case.
We notice the canonical phase diagram 10 , consisting of the second order line at higher T , which bifurcates into two second order lines at lower T in the theory without considering first order transition. In the present calculation, we show how the phase diagram changes in the presence of first order transition. The bifurcate point is known as the tricritical point, starts from H cr . It is known that T LO /T c2 = 0.56 in the limit of µ → ∞. Thus we understand that the µ = 5 case almost approaches the strong Pauli paramagnetic effect limit because
IV. SPATIAL STRUCTURE OF THE LO STATE
We investigate the three dimensional spatial structures of various quantities in the LO states. Figure 2 
B. Paramagnetic susceptibility
The H dependence of the normalized paramagnetic susceptibility χ spin = M para /M 0 is presented in Figs. 4(b) and 4(f) for µ = 5 and µ = 2 respectively. The extrapolation of lines for χ spin in the Abrikosov state toward higher H until χ spin = 1 suggests the orbital limit of H c2 . The higher H c2 of the orbital limit is suppressed by the Pauli paramagnetic effect, and χ spin shows jump at the first order H c2 transition, as is shown in Fig. 4 (b) and Fig. 4(b) and from 0.6 to 0.9 for µ = 2 in Fig. 4(f) .
C. Entropy
The H-dependence of entropy S s (T )/S n (T c ) is presented in Figs. 4(c) and 4(g) for µ = 5
and µ = 2 respectively. These behaviors show similar H-dependence as in χ spin in Fig. 4(b) and Fig. 4 also shows similar behavior to that of χ spin and S s in the above panels in Fig. 4 . The thermodynamic quantity also strongly increases with almost diverging slopes at H LO . In the LO state, N(E = 0)/N 0 changes from 0.42 to 0.82 for µ = 5 in Fig. 4(d) , and from 0.69 to 0.91 for µ = 2 in Fig. 4(h) . The specific heat C is obtained by the derivative of S s (T ) as
We note here that in the low temperature limit C is evaluated as
that is, the Sommerfeld coefficient γ(H) = C/T is directly related to the entropy,
at the low T limit. We roughly confirm this relation from the numerical results of S s (H) and γ(H) at T = 0.1T c in Fig. 4 . The small deviations between them come from the effects of finite T . We also approximately confirm the relation χ spin (H) ∼ γ(H) in Fig. 4 . This relation is confirmed also in the LO state in addition to the Abrikosov state, which was proved for the latter state in previous studies 39, 46, 47 . Although the calculation of χ spin (H) is performed by Matsubara frequency ω n , in the formulation of real energy E, χ spin (H) comes from the average of the DOS in the energy range |E| < µH at low T . Thus, we have the relation χ spin (H) = γ(H) in the limit of weak Pauli paramagnetic effect, µ → 0, and low T .
When µ is large, the deviation may appear between χ spin (H) and γ(H).
As is seen above, we confirmed that thermodynamic quantities of magnetization, paramagnetic susceptibility, entropy, and low temperature specific heat exhibit basically similar behaviors as a function of H. Namely as H increases, the almost linear and monotonic increase suddenly shows a sharp rise at H = H LO exhibiting a kink feature, but the thermodynamic quantities are continuous. Thus it is of second order transition. This feature nicely corresponds to that in the analytic solutions 10, 45 , where at the tricritical Lifshitz point L diverges from the above.
Although it is difficult to check whether it is second or first order transition, it is believed to be second order, judging from the analytic solutions 10, 45 . However, it often happens that the actual experiments show the first order transition because of other degrees of freedom such as phonons or lattice deformation involved. As for the phase transition at H c2 , the rise terminates at H = H c2 abruptly via first order like jump.
Comparing the two cases for µ = 5 (left column) and µ = 2 (right column) in Fig. 4 , it is seen that the former has a wider LO region than the latter. Otherwise, the two cases are quite similar, meaning that the qualitative features of the LO phase are independent of the µ parameter and thus universal. As µ decreases, the LO phase fades out from the H-T plane. Note that the critical µ is known to be µ cr = 0.5. Those thermodynamic quantities are expected to be measured by a variety of experiments, such as the specific heat at low T directly probes N(0) and entropy. The paramagnetic moment is measured directly by magnetization experiment, which was conducted in CeCoIn 5 , giving similar overall characteristics 50 shown in Figs. 4(a) and 4(e) or by SANS experiment through diffraction of the spatial variation of magnetization profile 51 .
VI. FLL FORM FACTORS

A. Period L(H) in the LO state
We first show the field evolution of the period L or the wave number q = 2π/L of the LO state before discussing the FLL form factors. As shown in Fig. 5(a) for µ = 5 and Starting with q = 0 at H = H LO where the LO period is infinity, q rises sharply whose tangent is almost diverging. Thus L becomes finite quickly. The anti-phase solitonic-wave form changes into a sinusoidal one upon increasing H (see also Fig. 3(a) ). This behavior is similar to that seen in the exact solution (see Fig. 9 in Ref. 10) , implying that the LO physics along the parallel direction exemplified here is common and universal, which was also pointed out in Ref. 15 . Comparing with the two cases µ = 5 in Fig. 5 (a) and µ = 2 in Data points are plotted for L near the free energy minimum, with color presented in the lowest panels. Continuous curves are drawn for guide of the eye.
VII. NMR SPECTRUM
In this section we examine the NMR spectrum which is also crucial to identify the LO state. Choosing probed nuclei that have different hyperfine coupling constants, we can measure the field distributions inside a supercondutor 17 . When the hyperfine coupling is strong enough, the paramagnetic distribution M para (r) is probed by NMR experiment. In the weak hyperfine coupling case the magnetic induction B(r) in the whole system is detected by NMR. In the mixed state of ordinary superconductors it yields the so-called Redfield pattern.
Here we analyze the field evolution of the NMR spectra both for strong and weak hyperfine coupling cases. For the former we evaluate the distribution P (M) by using the stable LO state determined at each field. And for the latter the distribution P (B) is calculated.
A. Paramagnetic distribution spectrum P (M )
We start with the strong hyperfine coupling constant case, which effectively probes the paramagnetic distribution M para (r) in the system. The distribution P (M) is given by
i.e. the volume counting for each M. we can extract the information on the detailed LO spatial structure by carefully measuring the NMR spectrum.
As shown in Figs. 6(c) and 6(d) the cross-sectional views of the M profile at the antinodal plane and nodal plane respectively are displayed. Comparing those two cross-sectional views, it is seen that the vortex core contrast relative to the background is far clear at the antinodal plane than that at the nodal plane. This is because the latter contrast is blurred by normal quasi-particles accumulated at the nodal plane. Note that the color range is Fig. 6(d) the contrast at the nodal sheet is by far lower than that at the antinodal plane. Since the paramagnetic moment is proportional to the DOS N(E = 0), we anticipate that the same is happening for STM zero bias images.
B. Magnetic induction distribution spectrum P (B)
Next we study the weak hyperfine coupling constant case, which probes effectively the magnetic induction distribution P (B) in the whole system. The distribution P (B) is given by
It is also important to observe the characteristic change of P (B) as shown in Fig. 7(a) . Note that P (B) is probed for example, at In(1) in CeCoIn 5 20 . The double peak structure can be seen from Fig. 7(a) in the LO phase at H > H LO , where the N peak appears near B ∼ H in the spectrum. Viewing the whole spectral shape in Fig. 7(a) , the N-position is situated near the S-position in P (B), compared with P (M) in Fig. 6(a) . In the lower field of the Abrikosov state, the usual Redfield pattern is reproduced as seen from Fig. 7(a) . Thus the double peak structure at the N and S positions in P (B) is a hallmark of the LO state.
As H increases the relative spectral weight changes and eventually the spectral weight at N dominates the whole spectrum toward H c2 , which is shown in Fig. 7(a) . Those eminent features of the NMR spectra in P (B) can be useful and indispensable spectroscopic methods for identifying the LO state. Furthermore it may be possible to extract the details of the LO state, such as the LO periodicity, by carefully examining those spectra.
As is shown in Fig. 7(b) the double peak structure is analyzed by decomposing the spectral weight into the z-resolved P (B). The peak of the S-position comes from the contributions of the antinodal parts around z/L = 0.25 while that of the N-position comes from the LO nodal sheet at z/L = 0.5 as seen in the inset of Fig. 7(b) .
The cross-sectional views at the antinodal and nodal positions are displayed in Figs. 7(c) and 7(d) respectively. It is seen by comparing the scales that the contrast of the spectral weight at the antinodal plane in Fig. 7(c) is far visible than at the nodal plane in Fig. 7(d) .
This is the same as in the P (M) case mentioned above. (C) One of the most direct visualizations of the LO state is to use STM measurement under parallel fields. As shown in Fig. 2 (also see Fig. 6 in Ref. 17) , the nodal plane can be imaged as a distinctive stripe structure near the zero-bias energy region in STM-STS experiment. This stripe image is best observed under an applied field parallel to the surface of the ab plane where the vortices lying near the surface. The estimated stripe distance varies, depending on the field strength as seen from Fig. 1(a) and Fig. 1(c The proposed phase diagram of the LO state for H c is also similar to our Fig. 1(b) and Fig. 1(d Fig. 1(b) for µ = 5 and Fig. 1(d) for µ = 2. In this connection, for H ab the proposed phase diagram (see Fig. 3 of Ref. 20) is quite modified because of the presence of the existing SDW whose origin is debated. Generally heavy Fermion superconductors have a tendency to the SDW instability 75, 76 .
We also point out that the observed M para (H) (see Fig. 4 of Ref. 20) , which shows a strong rise at the onset of the LO state, is again very similar to our results in Fig. 4(c) and Fig. 4(f) . Therefore, judging from those features: the spectral shape and the field evolution of M para (H), we conclude that in the high fields for H c the genuine LO phase is realized in this system.
(B) Entropy and specific heat
In order to confirm this identification, we consider other thermodynamic measurements.
Tokiwa et al. 77 
(D) STM
One of the most difficult tasks for STM experiment is to prepare a high quality surface, which is not always possible, depending on materials. CeCoIn 5 is fortunate because the STM-STS measurements are already performed 78, 79 and guaranteed to prepare a good surface. Then we propose the same parallel field STM-STS measurement to observe the nodal stripe structure associated with the LO state discussed earlier. Since judging from the amplitude of the paramagnetic moment jump at H c2 thermodynamic signature of the LO state in CeCoIn 5
is far clearer than that in Sr 2 RuO 4 , we understand that CeCoIn 5 is the best candidate for confirming the LO state by STM-STS too.
C. CeCu 2 Si 2
Kitagawa, et al. 26 have performed NMR measurements on CeCu 2 Si 2 and found that 1/T T 1 as a function of H enhances just near H c2 . Since 1/T T 1 ∝ N(E = 0) 2 , this behavior is similar to that of LO phase shown in Figs. 4(d) and 4(h). This lets the authors claim the evidence for the LO state. It is true that this system is under strong Pauli paramagnetic effect because of the severe H c2 suppression observed. However, in view of high residual resistance at lower T , meaning that the mean free path is short and multiband nature, the LO interpretation must be cautious. In fact, we argue 27 that the absence of the first order transition at H c2 in this system can be understood in terms of the interplay of multi-bands, which hides otherwise the first order transition expected for a single band. We also point out that the zero-energy DOS N(E = 0) can be enhanced more than the normal DOS at high H, which could explain the enhanced 1/T T 1 phenomenon. Indeed this is observed in the specific heat experiment 80 . This is consistent with the STM observation 81 In fact according to Machida and Nakanishi 10 , the phase diagram with diverging H c2 is similar to that obtained experimentally 86 , although the divergence itself is an artifact due to quasi-1D band modeling, but the tendency captures the essential point.
As for X=SF 5 CH 2 CF 2 SO 3 , the phase diagram is obtained 87 , which is similar to our Figs. 1(b) and 1(d), but the LO region is much wider than ours. The estimated LO wave length 88 normalized by the coherence length is 2.2∼13.1, which is somewhat shorter than our estimate in Fig. 5(a) and Fig. 5(e) .
IX. CONCLUSION
We quantitatively explore the field evolution of the LO states for the typical and canonical 
